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Electronic states i n  junctions of nanotubes will] diffcrcnt circumferences are studied in an 
effective-mass approximation. The junction is characterirxd by boundary conditions which 
mix wave functions associated with K and K' points. At &=O. they dccay linearly with the dis- 
tance from the thicker nanotube, showing that the conductance decays with the junction 
length in proportion to its third power. 

Kevwords: graphite; carbon nanotube; junction: five- and sevcn-member ring; conductance; 
effective-mass theory 

1. INTRODUCTION 
A junction which connects carbon nanotubes (CN's) with different diam- 
eters through a region sandwiched by a pentagon-heptagon pair has been 
observed in the transmission electron microscope.['] Some theoretical cal- 
culations on CN junctions within a tight-binding model were reported, 
which imply that the conductance of junctions exhibits a universal power- 
law dependence on the ratio of the circumference of two nanotubes.12] The 
purpose of this paper is to clarify electronic states and their topologi- 
cal characteristics in junctions consisting of two nanotubes with different 
diameters in a k-p schenie. 

2. EFFECTIVEMASS DESCRIPTION 

In the vicinity of K and K' points of the first Brillouin zone of two- 
dimensional (2D) graphite. electronic states are described by a four-compo- 
nent envelope function F= ' ( F f ,  FF.  F f ' ,  FF').  Here, F f  and FF are 
the envelope functions at A and B site of the graphite, respectively, related 
to the K point, and F f '  and Fg' are those for the K' point. The wave 
function F satisfies an equation same its Weyl's equation for ne~trinos:1~] 

'iFCF(r) = EF(r), (2.1) 

12s 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 0
9:

05
 1

6 
A

ug
us

t 2
01

2 



726 HAJIME MATSUMURA and TSUNEYA ANDO 

FIG1 'liE 1 ( left)  l'lie strwtiirt: of a j r i u c * h o ~ i  i~oiisi~t,ing of two i~ i l~ io t i ibc~~  
having an axis not pardld to cadi other (6) is their angle) 
FIGURE 2 (right) Sc.lrematic illustration of the topological fitriicture of a 
juurtioii h tlit! tube regions. two cylinders rorrcsponding spaces for thc 
K ant1 K poiiit~ arc indrprildriit of rwli other. 1x1 the jiiuction rcgiou. 
they ale iiiteri:onncsteil to t d i  other 

with 

wlwre -T ih a ba1ii1 p;tiariirter ant1 k=-iU+(c/c-fi)A 111 thib pilpr3 wc 
skid1 study t h  pixhl t - iu  in the ahenria of H magnetic field only and wt: 
at-t A=O. 

Boundary couditious have been deiivcd by ronsidcring thc- amid strur- 
turv of tlie ~ i inc . t io i i . ~ ' ]  Pigiirt: I slrowo tJir cievrIopiiient of II junvtion synteiii 
onto R 2D grapliite aheet. We scpamte the clevelopnient into tjhree rrgions, 
thr, thick tubt:. tlw jiiuctioii legion. ant1 tlw thin tribr. Wv hilvr a pair of 
B priitagoii (Rs) mid hrptagon (R,) nug. aud LJ a d  L7 are the chirid 
vrctor of the thick a d  thin nanotube. rapectivrly. 

For metallic* tubes. the houtitlary ronditious RIY' wiid periodic hand-  
ary conditions a i i t l  t l l c s  zoliitioiis IUP a wt of plaiie wavw. In the virinity of 
t,hr Fvriiii rnrrgy. wc have- foiir c-oiiduc~tiiip, t i i d e s  in tubr regions: riglit- 
 MI^ kft-goiug wavt:a a ~ x  i a t d  with K nnd K' points. rcspec tivi.lg. 

Boiiiiclary couditiona take a diffcrtlut form in the jiinctioii region. where 
any point on the developiuent ruoves onto the corresponding p i n t  after 
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TOPOLOGY OF CARBON NANOTUBE JUNCTIONS 727 

(2.3) 

where CJ = exp(2xi/3) and Rx/3 describes a 77/3 rotation around R. Be- 
cause of the boundary conditions, states near the K and K' point mix 
together in the junction region. Figure 2 shows the topological structure 
of the junction system. Under these boundary conditions, the Schrodinger 
equation has solutions which are represented with Bessel J and Neumann 
functions N: 

with p being an integer, h = I E ~ / T ,  and L5 is the circumference of the 
thicker nanotube. In particular when the energy is equal to  the Ferxni 
energy ( E  = 0), these solutions 

where m is an integer, z=z+iy,  and f = x - - i y .  We have chosen the origin 
at R, the  y axis in the direction of the axis of the thicker nanotube, and 
the x axis in the directiou parallel to L5. 

We put the right-going wave from the left side of the junction (through 
the thicker tube). To obtain the overall wave function of the system, we 
should connect these three types of solutions at the boundary y=y5 (the 
line connecting R5 and R5-Ls in Fig. 1)  and a t  y' =y7 (the line connecting 
R7 a d  R7-L7). 

3. NUMERICAL RESULTS 
In actual calculations, we have to limit the total number of eigenmodes 
in both nanotube and junction regions. In the junction region the wave 
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FIGURE 3 Calculated transmissiou and reflection probabilities versus 
the effective length of the junction region (LJ -L.r)/Ls. Contributions of 
intervalley scattering to the transmission are plotted for B = l O o .  20°, and 
30'. The results are almost independent of the value of 6. 

function for 9n 2 0 decays and that for rn < 0 becomes larger in the positive 
y direction. We shall choose cutoff M of the number of eigenmodes in the 
junction region, i.e., -M-1 < m  5 M, for a given value of L.I/LJ in such a 
way that ( f i L $ 2 L 5 ) 3 M  <S,  where 6 is a positive quantity much smaller 
than unity. With the decrease of 6, the number of the modes included in 
the calculation increases. 

Figure 3 shows some examples of calculated transmission and reflection 
probabilities for 6 = lo-' and An approximate expression for the 
transmission T and reflection probabilities R can be obtained by neglecting 
evanescent modes completely. The solution gives 

where the subscript KK means intravalley scattering within K or K' point 
and KK' stands for intervalley scattering between K and K' points. As for 
the reflection, no intradley scattering is allowed. The dependence on the 
tilt angle B originates from two effects. One is 0/2 arising from the spinor- 
like character of the wave function in the rotation 0. Another B comes 
from the junction wave function with m = 0 which decays most slowly 
along the y axis. We have T - ~ ( L ~ / L J ) ~  in the long junction (L7ILs < I), 
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FIGURE 4 Calculated Conductance versus the energy E (-2n/L5 < E / Y  < 
+2?r/L5) for various length of the junction (L7/L5 =0.7, 0.5, 0.3,  and 0.1 
from top to bottom). Solid lines represent the results of the k.p method, 
while dashed lines show tight-binding data151 for L5 = Sofia ( a  is the 
lattice constant). The  conductance grows with the energy and has a peak 
before the first band edge ~ / ~ = f 2 n f L g ,  followed by an abrupt falloff. 

explaining results of numerical calculations in a tight-binding model quite 
well.[2l 

As for the transmission. contributions from intervalley scattering (K + 

K') are plotted together for several values of 8. The dependence on the 
value of 6 is extremely small and is not important a t  all, showing that 
the analytic expressious for the trausmissiou and reflection probabilities 
obtained above are almost exact. 

Figure 4 shows some examples of calculated transmission probabilities 
for energies lying between -2n/L5 < E / Y  < +2n/Ls. Calculations were 
performed for various values of the length of the junction (L7/L5 =0.7.0.5, 
0.3. aud 0.1 from top to bottom). Solid lines represent the results of the 
k.p method, while dashed lines show tight-binding data[5] for L5 = 50&a 
(a is the lattice constant). The tight-binding data  are slightly deviated 
from those obtained by the k.p method. presumably due t o  size effects. 

The conductance grows with the energy and has a peak before the first 
band edge ~ / 7  = f 2 a / L 5 .  This behavior of conductance arises from the 
oscillatory feature of the Beme1 and Neumann functions, which appear in 
the eigenmodes in the junction region as in Eq. (2.4).  

Near the band edge, however, the conductance decreases abruptly and 
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falls off to zero. This behavior cannot be obtained if we ignore the evanes- 
cent modes in the tube rcgion. This implies the formation of a kind of 
resonant state in the junction region, which would bring forth the total 
reflection into the thicker tube region. Detailed analysis of this mechanisni 
is left for a future problem. 

4. S U M M A R Y  

We have studied the topology of a CN junction consisting of tubes with 
different circuniferences L5 and L7 (L5 > L7). For a long junction and at 
E = O ,  the total conductance decays in proportion to ( L ~ / L s ) ~  as has been 
obtained in previous simulations.[2] The intervalley scattering contribution 
to  the transmission coefficient grows as 6 increases, where I9 is the tilt angle 
between L5 and L7. The total conductance, however, stays almost same as 
that for O=O.  Energy dependence of the conductance was also calculated, 
which reflects the oscillatory behavior of wave functions in the junction 
region and exhibits an abrupt falloff near the band edge. 
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