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Topological Effects on Conductance of Nanotubes
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Electronic states in junctions of nanotubes with different circumiferences are studied in ar
effective-mass approximation. The junction is characterized by boundary conditions which
mix wave functions associated with K and K’ points. At =0, they decay linearly with the dis-
tance from the thicker nanotube, showing that the conductance decays with the junction
length in proportion to its third power.

Keywords: graphite; carbon nanotube; junction; five- and seven-member ring; conductance;
effective-mass theory

1. INTRODUCTION

A junction which connects carbon nanotubes (CN's) with different diam-
eters through a region sandwiched by a pentagon-heptagon pair has been
observed in the transmission electron microscope.[!) Some theoretical cal-
culations on CN junctions within a tight-binding model were reported,
which imply that the conductance of junctions exhibits a universal power-
law dependence on the ratio of the circumference of two nanotubes.[?! The
purpose of this paper is to clarify electronic states and their topologi-
cal characteristics in junctions consisting of two nanotubes with different
diameters in a k-p scheme.

2. EFFECTIVE-MASS DESCRIPTION

In the vicinity of K and K’ points of the first Brillouin zone of two-
dimensional (2D) graphite, electronic states are described by a four-compo-
nent envelope function F=‘(Ff.F}3{.FK',Fgl). Here, FX and F) are
the envelope functions at A and B site of the graphite. respectively, related
to the K point, and FX "and F g' are those for the K* point. The wave
function F satisfies an equation same as Weyl's equation for neutrinos:P!

HF(r) = F(r), (2.1}
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FIGURE 1 (left) The structure of a junction consisting of two nanotubes
having an axis not parallel to each other (8 is their angle).

FIGURE 2 (right) Schematic illugtration of the topological structure of a
junction. In the tube regions. two cylinders corresponding spaces for the
K and K points are independent of each other. In the junction region.
thiey are interconnected to each other.

with
0 ylhky—ik,) 0 0
ko +ik,) 0 0 0
- .0 2.2
H 0 0 0 y(k,+iky) (2.2)
1} 0 y(k, —iky) 0

where 7 is a band parameter and k= —iV+(e/ch)A. In this paper, we
shall study the problems in the absence of a magnetic ficld only and we
set A=0.

Boundary conditions have been derived by considering the actual struc-
ture of the junction.) Figure 1 shows the developinent of a junction systeni
onto a 2D graphite sheet. We separate the development into three regions,
the thick tube, the junction region, and the thin tube. We have a pair of
a pentagon (Ry) and heptagon {Rq) ring. aud Ly and L7 are the chiral
vector of the thick and thin nanotube, respectively.

For metallic tubes, the houndary conditions are usual periodic bound-
ary conditions and the solutions are a set, of plane waves. In the vicinity of
the Fermi energy. we have four conducting modes in tube regions: right-
and left-going waves associated with K and K’ points, respectively.

Boundary conditions take a different form in the junction region. where
any point on the development moves onto the corresponding poiat after
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making a rotation by 7/3 around R as shown in Fig. 1. We have

F[R,/31] = Ty 3 F(r),

0 0 0 W/?

0 0 —w-1/2 (2.3)
0 —w 2 g 6 |

w2 0 0 0

TR/3 =

where w = exp(27i/3) and R, /3 describes a 7/3 rotation around R. Be-
cause of the boundary conditions, states near the K and K point mix
together in the junction region. Figure 2 shows the topological structure
of the junction system. Under these boundary conditions, the Schrodinger
equation has solutions which are represented with Bessel J and Neumann
functions N:

Zyuqr(kr)esButle
1 isgn(e) Zayuqo (kr)etButl)e
Z_ BI(E)L3pst2 ) -
Fu=T5 | (—risga(e)Zausa(hrjeiutve |- E=I N (24)
(—)¥ Zg,.“(kr)e‘(a““)"’

with g being an integer, & = |¢|/7, and Ls is the circumference of the
thicker nanotube. In particular when the energy is equal to the Fermi
energy (¢=0), these solutions become:4

1
1 0 +iz\3Im+l
A S c——— eve———
Fn= Vs 0 ( Ls ) ’
-1)ym
( ()) (2.5)
1 1 —iz\3m+1
B _ ———
Fh= (%)

A (e
0

where m is an integer, z=z+41y, and Z=r—1iy. We have chosen the origin
at R, the y axis in the direction of the axis of the thicker nanotube, and
the z axis in the direction parallel to Ls.

We put the right-going wave from the left side of the junction (through
the thicker tube). To obtain the overall wave function of the system, we
should connect these three types of solutions at the boundary y=ys (the
line connecting Ry and Rs—Ls in Fig. 1) and at y' =y, (the line connecting
R.7 and R7—L7).

3. NUMERICAL RESULTS

In actual calculations, we bave to limit the total number of eigenmodes
in both nanotube and junction regions. In the junction region the wave
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FIGURE 3 Calculated transmission and reflection probabilities versus
the effective length of the junction region (L5 —L7)/Ls. Contributions of
intervalley scattering to the transmission are plotted for §=10°, 20°, and
30°. The results are almost independent of the value of §.

function for m >0 decays and that for m <0 becomes larger in the positive
y direction. We shall choose cutoff M of the number of eigenmodes in the
junction region, i.e., —M—1<m <M, for a given value of L7/Ls in such a
way that (V3L7/2Ls)*™ < §, where 6 is a positive quantity much smaller
than unity. With the decrease of 8, the number of the modes included in
the calculation increases.

Figure 3 shows some examples of calculated transmission and reflection
probabilities for § = 10~* and 10~%, An approximate expression for the
transmission T and reflection probabilities R can be obtained by neglecting
evanescent modes completely. The solution gives

4L3L
= '(?_:L'F Txx = T cos® (20), Tx k- = Tsin® (20)
_ (L3-L)?

S mrne Rexso, Rxx =R

(3.1)

where the subscript KK meaus intravalley scattering within K or K" point
and KK’ stands for intervalley scattering between K and K’ points. As for
the reflection, no intravalley scattering is allowed. The dependence on the
tilt angle # originates from two effects. One is /2 arising from the spinor-
like character of the wave function in the rotation #. Another 8 comes
from the junction wave function with m = 0 which decays most slowly
along the y axis. We have T ~4(L7/Ls)® in the long junction (L,/Ls < 1),
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Conductance (units of e2/nh)
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-1.0 -08 0.6 0.4 0.2 0.0 0.2 0.4 0.6 08 1.0
e/(2rylLs)

FIGURE 4 Calculated conductance versus the energy ¢ (—2n/Ls<e/y<
+2m /L) for various length of the junction (L7/L;=0.7, 0.5, 0.3, and 0.1
from top to bottom). Solid lines represent the results of the k-p method,

while dashed lines show tight-binding datal®! for Ls = 50v/3a (a is the
lattice constant). The conductance grows with the energy and has a peak
before the first band edge ¢/y==+2n/Ls, followed by an abrupt falloff.

explaining results of numerical calculations in a tight-binding model quite
well.[2]

As for the transmission, contributions from intervalley scattering (K —
K') are plotted together for several values of §. The dependence on the
value of 6 is extremely small and is not important at all, showing that
the analytic expressions for the transmission and reflection probabilities
obtained above are almost exact.

Figure 4 shows some examples of calculated transmission probabilities
for energies lying between —27/Ls < ¢/y < +2n/Ls. Calculations were
performed for various values of the length of the junction (L7/L; =0.7. 0.5,
0.3. and 0.1 from top to bottom). Solid lines represent the results of the
k-p method, while dashed lines show tight-binding datal®! for Ly =50y/3a
(a is the lattice constant). The tight-binding data are slightly deviated
from those obtained by the k-p method. presumably due to size effects.

The conductance grows with the energy and has a peak before the first
band edge ¢/ =+2x/Ls. This behavior of conductance arises from the
oscillatory feature of the Bessel and Neumann functions, which appear in
the eigenmodes in the junction region as in Eq. (2.4).

Near the band edge, however, the conductance decreases abruptly and
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falls off to zero. This behavior cannot be obtained if we ignore the evanes-
cent modes in the tube region. This implies the formation of a kind of
resonant state in the junction region, which would bring forth the total
reflection into the thicker tube region. Detailed analysis of this mechanism
is left for a future problem.

4. SUMMARY

We have studied the topology of a CN junction consisting of tubes with
different circumferences Ls and Ly (Ls > L7). For a long junction and at
£ =0, the total conductance decays in proportion to (L7/Ls)* as has been
obtained in previous simulations.?l The intervalley scattering contribution
to the transmission coefficient grows as 6 increases, where 4 is the tilt angle
between Ls and Ly. The total conductance, however, stays almost same as
that for § =0. Energy dependence of the conductance was also calculated,
which reflects the oscillatory behavior of wave functions in the junction
region and exhibits an abrupt falloff near the band edge.
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